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Abstract

Abstract

The maximum speedup of direct parallelization of
pattern-growth mining algorithms for long sequences
is limited by the load imbalance among the parallel
tasks. In this paper, we present a scheme to parallelize
pattern-growth mining algorithms using partial enu-
meration for high speedup. The experimental results
show that partial enumeration increases the achiev-
able speedup of parallel mining significantly for the
databases with long sequences.

1 Introduction

A sequence is the fundamental mechanism to en-
code information and design as demonstrated by the
biological sequences. This is the reason why data min-
ing of frequent patterns from sequences including web
access sequences has attracted significant attention in
recent years [1, 2, 3, 4, 5].

The complexity of mining frequent patterns from
sequence databases is inherently exponential due to
the fact that patterns are sequences themselves. The
search space of frequent patterns grows exponentially
as the length of the patterns increases. One way to
cope with this complexity is to use parallel comput-
ers for the mining. In this paper, we focus on par-
allelizing the pattern-growth frequent pattern mining
algorithms [1, 5, 6].

The major problems in direct parallelizing the
pattern-growth algorithms are two-fold: (1) Because
the pattern-growth algorithms are recursive algo-
rithms, the number of parallel tasks that can be found
is limited by the number of the symbols used in the
sequences. (2) According to empirical studies, the ex-
ecution times of these parallel tasks vary significantly.
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The maximum speedup achievable is limited by the
longest task, even thought more parallel processors are
available.

In this paper, we propose to use partial enumer-
ation to parallelize the pattern-growth mining algo-
rithms to solve the problems above. Partial enumer-
ation is a technique to extend the pattern-growth al-
gorithms so that the frequent patterns can grow faster
with more than one symbol at a time [7]. It was shown
in [7] that the sequential mining time can be reduced
by partial enumeration for the databases with long se-
quences. The purpose of using partial enumeration
in this paper is to increase the number of tasks be-
yond the number of symbols and, more importantly,
to have better load-balanced parallel tasks to achieve
high speedup. Our experimental results show that par-
tial enumeration can increase the speedup of parallel
mining significantly for the databases with long se-
quences.

The rest of the paper is organized as follows. In
Section 2, we introduce the technique of partial enu-
meration and show why it can increase the maximum
speedup achievable in the parallel mining. In Section
3, we describe the scheme to parallelize the pattern-
growth mining algorithm [6] using partial enumeration
[7]. The experimental results and the conclusion of the
paper are presented in Section 4.

2 Partial Enumeration for High

Speedup

Let Σ be the set of symbols used to construct
sequences. A web access sequence s is a sequence of
finite number of symbols from Σ, s = σ1 · · ·σm (σi ∈ Σ
for all 1 ≤ i ≤ m < ∞ and si and sj are not necessarily
different for i 6= j). A web access database D is a multi-
set of web access sequences. A pattern is also a web
access sequence. A web access sequence s′ = σ′

1
· · ·σ′

n

is a subsequence of sequence s = σ1 · · ·σm, denoted as
s′ ⊆ s, if and only if there exist i1, · · · , in (n ≤ m) such
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that 1 ≤ i1 < · · · < in ≤ m and σ′

j = σij
for all 1 ≤

j ≤ n. A web sequence s is said to support a pattern
p if p is a subsequence of s. The support of pattern p

in database D, denoted as SupD(p), is the number of
sequences in D that support p. Given a threshold ξ in
interval (0, 1], a pattern p is frequent with respect to
ξ and D if SupD(p) ≥ ξ|D|, where |D| is the number
of sequences in D. ξ|D| is called the absolute threshold
and denoted by η. The web access pattern mining
problem is to find all the frequent patterns with respect
to ξ and D.

Figure 1 illustrates the search space for the fre-
quent patterns from the symbol set Σ = {a, b, c}.
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Figure 1: Search Space Tree

The pattern-growth algorithms [1, 5, 6] grow fre-
quent patterns by one symbol at a time. The abstract
form of the pattern-growth algorithm [6] is shown in
Figure 2. The pattern-growth algorithms [1, 5, 6] are

function Pattern-Grow(pattern q, database D) {
F ← ∅;
for each σ in Σ do

if (SupD(σ) ≥ η) then

F ← F ∪ {q · σ};
Construct projection database Dσ;
F ′ ← Pattern-Grow(q · σ, Dσ);
F ← F ∪ F ′;

endif

endfor

return F ;
}

Figure 2: Pattern-Growth without Enumeration

all based on the principle of conditional searching. Dσ

is the σ-projection database of D. It consists of all
the σ-projections of the sequences in D that support
σ. The σ-projection of a sequence is what left af-
ter the prefix from the first symbol up to the first
occurrence of σ (inclusive) is deleted. For example,
the b-projection of aabcba is cba because its prefix up
to the first occurrence of b as underlined is aab. It
can be proved that the support of pattern p in Dσ

is equal to the support of pattern σ · p in D, i.e.
SupD(σ · p) = SupDσ

(p). The details for the prin-
ciple of conditional searching can be found in [6]. The
set of all frequent patterns in D, thus, can be found
by invoking Pattern-Grow(ε, D) in Figure 2 (ε is the
empty pattern).

Since the pattern-growth algorithms are all re-
cursive algorithms as shown in Figure 2, the only way
to parallelize them is to turn the for loop of the top
level call into a parallel loop and allocate the tasks of
mining the frequent patterns starting with individual
symbols to parallel processors. It is obvious that the
maximum speedup of this parallelization is bound by
the number of symbols in Σ. For example, we can use
only three processors for the parallel mining for the
search space in Figure 1 and the maximum speedup
is 3. Many important applications do not have large
number of symbols (DNA sequences have four symbols
of nucleotides and protein sequences have 20 symbols
of amino acids).

The maximum speedup is further limited by the
load imbalance of these tasks. We conducted an em-
pirical study about the execution times of these tasks
and found that they vary significantly.
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Figure 3: Task Times for N=12, C=16, D=1000

Figure 3 shows the task times of the 12 tasks of
the FLWAP-tree mining [6] on a 497 MHtz Pentium
III processor for a dataset with N = 12 symbols gen-
erated by the IBM data generator. The dataset has
D=1000 sequences and the average length of the se-
quences is C = 16. The threshold ξ is 0.005. The task
with the largest execution time, which we called super-
task, is task 12. It takes 103.079 seconds to complete.
The total execution time of all the tasks is 518.561
seconds. If we run the mining on parallel processors,
the parallel execution time is at least the task time
of the supertask. The maximum speedup that can be
achieved is, thus, 518.561/103.079 = 5.03, even though
more parallel processors are available.

In general, if T1, · · · , Tn be the task times of the
total n parallel tasks of mining, the maximum speedup
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achievable by parallel mining is

SPM =
T1 + · · · + Tn

max(T1, · · · , Tn)
(1)
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Figure 4: Maximum Speedups SPM

We also conducted an empirical study of the task
times for the datasets with N = 2, · · · , 12 symbols,
C = 16 and ξ = 0.005. The maximum speedups for
these datasets calculated by (1) are plotted on the line
labeled “k=1” in Figure 4. They are between 1.64 and
5.02, way below the number of the tasks (which is N),
due to the load imbalance of the tasks.

In order to raise the maximum speedup for par-
allel mining, the work loads of parallel tasks need to
be better balanced. We have extended the pattern-
growth mining with partial enumeration [7] to grow
the frequent patterns by more than one symbol at a
time1. Figure 5 [7] shows the re-arranged search space
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Figure 5: Search Space by Partial Enumeration

to illustrate the idea of partial enumeration. The sym-
bol set Σ = {a, b, c, d} is first partitioned to disjoint
subsets Σ1 = {a, b} and Σ2 = {c, d}. For each sub-
set, the enumerations of the non-empty patterns of
length no more than the size of the subset are called
partial enumerations. For example, the partial enu-
merations from Σ1 = {a, b} are a, b, aa, ab, ba, bb. The
set of partial enumerations from the symbol subset Σj

1The experimental evaluation shows that the pattern-growth
mining with partial enumeration [7] outperforms the pattern-
growth mining without enumeration [6] for the datasets with
long sequences.

function Pattern-Grow(pattern q, int i, database D) {
F ← ∅;
for j = 1, l do

if (j 6= i) then

Construct apriori enumerator Enum(Σj);
1: while (p← Enum.Next()) is not null) do

2: if (Sup)D(p) ≥ η) then

3: Construct the p-projection database Dp,Σj
;

Call Enum.Confirm(p) to report p is frequent;
F ← F ∪ {q · p};
if (|p| = |Σj |) then

F ′ ← Pattern-Grow(q · p, 0, Dp,Σj
);

else

F ′ ← Pattern-Grow(q · p, j, Dp,Σj
);

endif

F ← F ∪ F ′;
endif

endwhile

Delete apriori enumerator Enum;
endif

endfor

return F ;
}

Figure 6: Pattern-Growth with Partial Enumeration

is denoted by E(Σj). The search space is re-arranged
as follows. The empty pattern ε at the root node grows
with the partial enumerations from both Σ1 = {a, b}
and Σ2 = {c, d}. For each of the other nodes, if it was
grown from its parent node with a partial enumeration
shorter than the size of the symbol subset, it will not
be extended with the same symbol subset. The reason
is to prevent repeating the same pattern in the search
space tree. For example, pattern a is grown from
the empty pattern ε with partial enumeration a whose
length is less than 2, the size of Σ1 = {a, b}. There-
fore, pattern a grows with the partial enumerations
from Σ2 = {c, d} only, namely c, d, cc, cd, dc, dd. If it
grows with the partial enumerations from Σ1 = {a, b},
we would have patterns aa and ab as its children. But,
aa and ab are already enumerated along with a as the
children of the root node ε. Patterns aa and ab would
be mined twice if they are frequent. On the other
hand, if a node is grown from its parent with a par-
tial enumeration of the length equal to the size of the
symbol subset, it should be extended with the par-
tial enumerations of all symbol subsets. For instance,
pattern aa is grown from the parent node (the empty
pattern ε) with partial enumeration aa whose length is
2, the size of Σ1 = {a, b}. It should continue to grow
with the partial enumerations from both Σ1 = {a, b}
and Σ2 = {c, d}. In particular, the growth from pat-
tern aa with the partial enumerations from Σ1 = {a, b}
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function Mine(enum p, int j, database D) {
if (SupD(p) ≥ η) then

Report to the Master that p of E(Σj) is frequent;
F ← {p};
Construct projection database Dp,Σj

;
if (|p| = |Σj |) then

F ′ ← Pattern-Grow(p, 0, Dp,Σj
);

else

F ′ ← Pattern-Grow(p, j, Dp,Σj
);

endif

F ← F ∪ F ′;
Send F to the Master and request a next task;

else

Report to Master that p of E(Σj) is
infrequent and request a next task;

endif

}

main-slave() {
Input the database D;
Send a task Request to Master Processor;
Receive a task (p, j) from Master Processor;
while (task is not null) do

Mine(p, j, D);
Receive a task (p, j) from Master Processor;

endwhile

}

Figure 7: Algorithm for Slave Processors

will not duplicate any patterns enumerated.

When enumerating the partial enumerations from
E(Σj), the downward enclosure property should be
used to prune away the infrequent enumerations if
their subsequences are known to be infrequent. For ex-
ample, if a from E({a, b}) is infrequent, then aa, ab, ba

from E({a, b}) are also infrequent and should not be
enumerated. This is called apriori partial enumera-
tion. Figure 6 shows the frequent pattern mining al-
gorithm with apriori partial enumeration [7]. The apri-
ori partial enumerations p from E(Σj) are obtained by
calling the Next() function of the apriori partial enu-
merator Enum, created for Σj . If p is frequent in D

(SupD(p) ≥ η), the p-projection database of D, de-
noted as Dp,Σj

, is constructed. The apriori partial
enumerator Enum is also informed that p is frequent.
Dp,Σj

consists of p-projections of the sequences in D

that support p. The p-projection of sequence s sup-
porting p is what left after the p-prefix of s is deleted.
The p-prefix of s is the minimal prefix of s that sup-
ports p. It is assumed in Figure 6 that the symbol set
Σ is partitioned to l subsets, Σ = Σ1 ∪ · · · ∪Σl. It can
be proved that each frequent pattern will be mined
only once by the algorithm in Figure 6 [7]. The set of
frequent patterns in the original database D is mined

by calling Pattern-Grow(ε, 0, D).
Each apriori partial enumeration p obtained in

line 1 of Figure 6 represents a task of mining the cor-
responding projection database, Dp,Σj

. We conducted
an empirical study of the execution times of these tasks
and found that the work loads of these tasks are much
better balanced. As a result, the maximum speedup
calculated by (1) is raised. We partition the symbol set
Σ to l = dN

k
e subsets, where N = |Σ|. The first l − 1

subsets have the size of k and the size of the last subset
may be less than k. When k = 1 (and thus l = N),
the algorithm in Figure 6 degenerates to the mining
algorithm without enumeration as shown in Figure 2.
The plots labeled “k=2” and “k=3” in Figure 4 are the
maximum speedups of the tasks with partial enumera-
tion for the same datasets with N = 2, · · · , 12, C=16,
and ξ=0.005. The maximum speedup for k = 2 is
higher than that of k = 1 for every value of N . When
k = 3, the maximum speedups are higher than k = 2
except for the case of N = 4. These empirical studies
show that partial enumeration can raise the maximum
speedup achievable in parallel mining of frequent pat-
terns.

3 Parallelization

The parallel tasks represented by apriori partial
enumerations p from E(Σj) for all j, denoted by task
(p,j), are scheduled by the master processor and ex-
ecuted by the slave processors. The code for parallel
task (p, j) is shown in Figure 7.

Each slave processor starts by inputting the orig-
inal database D and sending a task request to the
master processor. Then it receives a task (p, j) and
executes it by calling Mine(p, j, D) repeatedly until it
receives a null task signifying that all the tasks have
been allocated. The main function of slave processors
is main-slave() shown in Figure 7.

Enum Enum
Task Manager T

Slave

Master

Slave Slave Slave

...........................

Scheduler
next−task
current−state
buff

P,W,
Q

P,W,
Q

..........

Figure 8: Software Architecture of Parallel Processors

Figure 8 shows the software architecture of the
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system. The master processor runs a dynamic sched-
uler. The basic function of the scheduler is to interact
with the task manager T to get parallel tasks and al-
locate them to the slave processors dynamically. The
scheduler of the master processor communicates with
the slave processors through the messages as follows:

• Slave processor Si sends task request Req(Si) to
the master processor.

• The master processor sends task (p, j) (or a null
task signifying that all the tasks are allocated) to
slave processor Si in response to the task request
Req(Si).

• Slave processor Si sends a Report to the master
processor about whether p is frequent in D in re-
sponse to the task (p, j).

• Slave processor Si sends the set of frequent pat-
terns it mined for the task (p, j) to the master
processor, if p is frequent.

Upon Receiving task request Req(Si) from Si {
if (current-state is wait) then

Enqueue Si into buffer buff;
elseif (current-state is ready) then

Send task (p, j) held in next-task to Si;
T.Update(current-task, current-state);

else

// current-state is done
Send null task to slave processor Si;

endif

}

Upon Receiving a report Report(p, j, freq) {
Pass the report to the task manager T by

calling T.Report(p,j,freq);
if (current-state is wait) then

T.Update(current-task, current-state);
endif

while ( current-state is ready and buff is not empty) do

S ← buff.Dequeue();
Send task (p, j) held in next-state to slave processor S;
T.Update(current-task, current-state);

endwhile

while (current-state is done and buff is not empty) do

S ← buff.Dequeue();
Send the null task to slave processor S;

endwhile

}

Figure 9: The Protocol of the Scheduler

As shown in main-slave() in Figure 7, the slave pro-
cessors piggy-back the request for the next task to the

report of infrequent p or the set of frequent patterns
mined. However, the report that p is frequent is sent
as soon as it is known before the mining starts. This
allows the master to generate further parallel tasks at
the earliest possible time.

The scheduler has two variables next-task and
current-state (see Figure 8). The next-task holds the
next task (p, j) ready to be dispatched to any slave
processor that requests a task. The current-state tells
the current state of the scheduler. It can hold one of
the three states as follows:

• ready: next-task holds a task ready to be dis-
patched.

• wait: There is no task ready to be dispatched and
further tasks are pending.

• done: All the tasks have been generated.

The task manager T has two functions to be
called by the scheduler:

• Update(next-task, current-state) to update next-
task and current-state.

• Report(p, j, freq) to report that the pattern p of
task (p, j) is frequent(freq being true) or not (freq
being false).

The main function of the scheduler is a finite state ma-
chine protocol responding to the task requests and the
reports sent from the slave processors. The scheduler
also has a buffer queue, buff, to hold the slave proces-
sors that are waiting for tasks. The protocol of the
scheduler is shown in Figure 9.

The task manager T manages l apriori enumera-
tors Enumj (j = 1, · · · , l), one for each symbol subset
Σj . The details of the task manager T can be found
in [8].

4 Experimental Results and Conclu-

sion

We have implemented our parallel web access pat-
tern mining with MPI on a cluster of workstations.
Two datasets, N4C17D1KS4 and N6C16D1KS4, are
generated by the IBM data generator for the experi-
ments. In the names of the datasets, we use N for the
number of symbols, i.e. |Σ|, C for the average length
of the sequences of the database, D for the size of the
database (in thousands). Both datasets were mined
using threshold ξ = 0.005.

We run the parallel mining for the datasets
N4C17D1KS4 and N6C16D1KS4 with k = 1, 2, 4 and
k = 1, 2, 3, 6, respectively. The number of parallel
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slave processors varying from 1 to 13. Each slave pro-
cessor is a 497 MHtz Pentium III processor. The mas-
ter is a 997 MHtz Pentium III processor.

Figures 10(a) and 10(b) show the speedup of the
parallel executions over the sequential mining without
enumeration enumeration [6] of datasets N4C17D1KS4
and N6C16D1KS4, respectively. Figures 10(a) shows
that k = 4 allows the speedup to increase as the num-
ber of processors increases. The k = 3 and k = 6 do
the same for dataset N6C16D1KS4 as shown in Fig-
ure 10(b). This is because with large k values the
partial enumeration generates more and better load-
balanced parallel tasks and, thus, allows more parallel
processors to be used to reduce the execution time.
Note that the speedup of k = 3 for N6C16D1KS4 is
higher than that of k = 6. This is because with k = 6
the partial enumeration generates many smaller par-
allel tasks and the communication overhead between
the master and slave processors slows down the paral-
lel execution.
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Figure 10: Speedup over Sequential Mining

We have presented a scheme to parallelize the
pattern-growth frequent pattern mining algorithms us-
ing partial enumeration. We have shown that partial
enumeration can increase the speedup achievable by
providing better load-balanced parallel tasks.

Previous works on parallelizing the sequential
pattern mining such as [9] use direct parallelization
and only the databases with short sequences are used.
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