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ABSTRACT
In this paper, we propose an algorithm to partition both
the search space and the database for the parallel mining of
frequent closed itemsets in large databases. The partition-
ing of the search space is based on splitting the power set
lattice of the total item set to two sub-lattices. Conditional
databases are used to partition the large database. The
combination of the search space and database partitioning
allows parallel processors to mine the frequent closed item-
sets independently and thus minimizes the interprocessor
communication and synchronization. The partitioning also
ensures the load balance among the parallel processors.

Categories and Subject Descriptors
H.2.8 [Database Management]: Database Applications—
Data mining ; D.1.3 [Programming Techniques]: Con-
current Programming—Parallel programming

General Terms
Algorithms, Performance, Design

Keywords
Parallel Algorithm, Parallel Data Mining, Partitioning, Con-
ditional Database, Frequent Closed Itemset, Association Rule

1. INTRODUCTION
Since Agrawal et al [1] defined the data mining of as-

sociation rules in large databases in 1993, there has been
tremendous amount of interest in research and practice in
this area [2, 3, 4, 5, 6, 7].

Data mining of association rules from sets of items is very
expensive in terms of the time and resource requirements.
In the real-world databases, both the size of the database
(the number of transactions in the database) and the size of
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the total item set (the number of attributes in the database)
are very large.

Mining of association rules is based on discovering fre-
quent itemsets first. The domain of the search space for
frequent itemsets is the power set of the total item set. Its
size grows exponentially with the size of the total item set.
The size of database also has a huge impact on the time of
data mining. The large sizes of the database and the to-
tal item set also require large memory and disk spaces. As
the size of the modern databases increases, it is increasingly
difficult to use a single processor for the data mining tasks.
Here is where the parallel processing technique can come in
and help. Recently, we see the increasing interest in using
parallel processing technique for data mining [8, 9, 6, 10].

In the recent years, there is a lot of interest in discover-
ing frequent closed itemsets as a concise representation of
frequent itemsets without loss of information [11]. In this
paper, we propose an algorithm to partition both the search
space and the database for the parallel mining of frequent
closed itemsets in large databases. The partitioning of the
search space is based on two sub-lattices of the power set
lattice of the total item set. Conditional databases are used
to partition the large database. The combination of the
search space and database partitioning allows parallel pro-
cessors to mine the frequent closed itemsets independently
and thus minimizes the interprocessor communication and
synchronization. The partitioning also ensures the load bal-
ance among the parallel processors.

The organization of the paper is as follows. The related
work is described in Section 2 first. In Section 3, we provide
the definitions and preliminaries for the rest of the paper.
The search space partitioning is discussed in Section 4. In
Section 5, we discuss the conditional databases as the data
partitioning for our parallel mining algorithm. Our parallel
mining algorithm for frequent closed itemsets are presented
in Section 6. Section 7 concludes the paper.

2. RELATED WORK
Parallel data minining has been studied extensively in [8,

12, 9, 6, 10]. All of these papers are about parallel data
mining of frequent itemsets and try to parallelize the Apriori
algorithm [1].

There are basically three ways to parallelize the Apriori
algorithm:

• count distribution where each processor counts the par-
tial support.



• data distribution where the candidate set is partitioned
among the parallel processors and the entire database
is replicated across all processors.

• candidate distribution where the candidate set is par-
titioned and the database is replicated selectively.

In this paper, we partition the domain of candidates of fre-
quent closed itemsets using two sub-lattices of the k-prefix
and the remaining suffix of the total item set. We use condi-
tional databases for database partitioning. We proved that
the mining of closed itemsets in each pair of domain-data
partitions can be carried out independently and, thus, the
interprocessor communication and synchronization can be
minimized.

3. PRELIMINARIES
Let I = {i1, · · · , in} be the set of all items called the

total item set. Without loss of generality, we assume the
items in I are sorted in lexicographic order. Any subset of
I (including itself) is called itemset and can be written as
a string of items in lexicographic order. The empty itemset
is written as empty string ε. Given an itemset x, |x| is
the length or cardinality of x. The length of the empty
itemset ε is 0. For a non-empty itemset x, the i-th (1 ≤
i ≤ |x|) element of x is denoted by x[i]. Its substring from
i-th through j-th elements of x (1 ≤ i ≤ j ≤ |x|) is denoted
by x[i : j]. If |x| ≥ 1, the first k (1 ≤ k ≤ |x|) items of x,
x[1 : k], is called k-prefix of x and denoted by pre(k, x).

A database D is a set of transactions each of which is
a subset of I. Given an itemset x, the support of x in D,
denoted by supD(x) is the number of transactions in D that
contains x. That is,

supD(x) = |{t ∈ D | x ⊆ t}| (1)

An itemset is frequent in D if its support is greater than or
equal to a threshold m, i.e. supD(x) ≥ m. To find all the
frequent itemsets in a database is the first step in mining
association rules. It is also the most resource- and time-
consuming step. In real world data mining applications,
both the size of the database, |D|, and the size of the total
item set, |I|, are very large. It is, thus, important to parti-
tion the large problem to be solved by parallel processing.

A frequent itemset x is closed if and only if there is no
proper superset of x, x′, such that supD(x) = supD(x′). In
other words, a frequent itemset x is closed if and only if
supD(x) > supD(x′ holds for every x′ such that x ⊂ x′ ⊆ I.
Note that for any x′ such that x ⊂ x′, supD(x) ≥ supD(x′)
holds, because any transaction t in D containing x′ also
contains x.

Since any subset of a frequent itemset is also frequent, we
only need to consider the frequent items in I, i.e. the i ∈ I

such that supD({i}) ≥ m. Without loss of generality, we
assume that I is the set of frequent items.

4. PARTITIONING OF POWER SET LAT-
TICE

The search space of the frequent closed itemsets is the
power set of I: the set of all subsets of I, denoted by 2I .
Let |I| = n. The size of 2I is |2I | = 2n. The power set 2I is
a complete boolean lattice, < 2I ,∪,∩ >, where the join and
meet operations are the set union and intersection, and the
top and bottom elements are I and ε, respectively.

Assume that we have 2k parallel processors. We want to
partition the power set lattice 2I into 2k small search spaces
of equal size. We first split I into pre(k, I) = I[1 : k] and
I − pre(k, I) = I[k + 1, n]. We form two power set lattices:

< 2I[1:k],∪,∩ > and < 2I[k+1:n],∪,∩ >. For each x ∈ 2I[1:k],
we define a partition denoted by Px as follows:

Px = {x · y | y ∈ 2I[k+1:n]} (2)

where · is the concatenation operator. Each x ∈ 2I[1:k] is
called the handle of partition Px. Obviously, Pε = 2I[k+1:n].
From the definition (2) above, we have:

Px1 ∩ Px2 = ∅, ∀x1, x2 ∈ 2I[1:k] ∧ (x1 6= x2)

The size of each partition Px is the same: |2I[k+1:n]| = 2n−k.
Given an itemset I = abcde and k = 2, Figure 1 shows how

lattice 2I is partitioned to four partitions: Pab, Pa, Pb and
Pε. The elements of the lattice are shown in lexicographic or-
der. The lines show the partial order of set inclusion (cover),
but the lines between the subsets in the different partitions
are omitted.
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Figure 1: Partition of Lattice 2abcde

The handles of all the partitions can be obtained by re-
cursive bisection of 2I[1:k]. The algorithm of the recursive
bisection is shown in Figure 2.

function biSec(x)
x: a set of item
return: the power set of x, 2x

k := |x|;
P := ∅;
if (k > 0) then

Q := biSec(pre(k − 1, x));
for each q ∈ Q do

P := P ∪ (q · x[k]);
P := P ∪ q;

endfor
endif

return P ;

Figure 2: Bisection of 2x



5. CONDITIONAL DATABASES
Once the search space 2I is partitioned to 2k partitions,

the problem can be reduced to find all the frequent closed
itemsets in each of the partitions independently on parallel
processors.

To discover all the frequent closed itemsets in partition
Px does not need to use the entire database. Instead, only
those transactions containing x are needed. The set of these
transactions is called conditional database denoted by Dx

and defined as follows:

Dx = {t − x | t ∈ D ∧ x ⊆ t} (3)

where t−x means t∩x and x is the complement of x, i.e. x∪
x = I and x∩x = ε. To obtain conditional database Dx, we
simply need to go through database D once to check every
transactions. The algorithm for this is shown in Figure 3.
Note that if D has a transaction t = x, Dx will have an
empty transaction ε = t − x.

function condDB(x, D)
inputs:

x: an itemset
D:database

return: conditional database Dx

Dx := ∅;
for each t ∈ D do

if (x ⊆ t) then
Dx := Dx ∪ {t − x};

endif

endfor

return Dx;

Figure 3: Conditional Database

If x 6= ε, the size of Dx will be smaller than that of D.
This will help reduce the time of searching as well as the
memory requirement of the mining for the partition Px.

We now show that all the frequent closed itemsets in Px

can be discovered by using conditional database Dx only.
The following propositions about the power set lattice

< 2I ,∪,∩ > will be used in our discussion.

Proposition 1. Given t and x in 2I , if x ⊆ t, (t − x) ∪
x = t is true.

Proof. (t − x) ∪ x = (t ∩ x) ∪ x = (t ∪ x) ∩ (x ∪ x) =
(t ∪ x) ∩ I = (t ∪ x). Since x ⊆ t, t ∪ x = t.

Proposition 2. Given t and x in 2I , if t ∩ x = ε, (t ∪
x) − x = t is true.

Proof. (t ∪ x) − x = (t ∪ x) ∩ x = (t ∩ x) ∪ (x ∩ x) =
(t ∩ x) ∪ ε = (t ∩ x). Since t ∩ x = ε, we have t ⊆ x. Thus,
we have (t ∩ x = t.

Proposition 3. Given t, x and y in 2I , if y ∩ x = ε and
(y ∪ x) ⊆ t, y ⊆ t − x is true.

Proof. Since (y∪x) ⊆ t, we can have (y∪x)∩x ⊆ t∩x =
t − x. (y ∪ x) ∩ x = (y ∩ x) ∪ (x ∩ x) = (y ∩ x) ∪ ε = y ∩ x.
Since y ∩ x = ε, we have y ⊆ x and thus, y ∩ x = y. Thus,
y ⊆ t − x is true.

Lemma 1. Given x and y in 2I , if y∩x = ε, supDx
(y) =

supD(y ∪ x) is true.

Proof. Recall that Dx = {t − x | t ∈ D ∧ x ⊆ t} in
(3). For each t′ = t − x in Dx containing y, we have y ⊆
t′ = t − x and x ⊆ t. According to Proposition 1, we
have transaction t = t′ ∪ x in D. Since y ⊆ t′, we have
y∪x ⊆ t′∪x = t. That is, transaction t = t′∪x in D contains
y ∪ x. Thus, the number of transactions in D containing
y∪x is at least as large as the number of transactions in Dx

containing y, i.e. supDx
(y) ≤ supD(y ∪ x). On the other

hand, for each t in D containing y ∪ x, i.e. (y ∪ x) ⊆ t,
we have x ⊆ (y ∪ x) ⊆ t. Note that y ∩ x = ε. According
to Proposition 3, we now have y ⊆ (t − x) . Thus, we
have transaction t − x in Dx contains y. Therefore, the
number of transactions in Dx containing y is at least as
large as the number of transactions in D containing y∪x, i.e.
supDx

(y) ≥ supD(y ∪ x). Therefore, supDx
(y) = supD(y ∪

x).

Following are the two major theorems for using condi-
tional databases to discover all the frequent closed itemsets.

Theorem 1. If y ∈ Px is a frequent closed itemset in
database D, y − x is also a frequent closed itemset in the
conditional database Dx and y = (y − x) ∪ x.

Proof. Note that (y − x) ∩ x = y ∩ (x ∩ x) = y ∩
ε = ε. According to Lemma 1, we have supDx

(y − x) =
supD((y − x) ∪ x). Since y ∈ Px, we have x ⊆ y accord-
ing to the definition of partition Px in (2). According to
Proposition 1, we have (y − x) ∪ x = y. Thefore, we have
supDx

(y − x) = supD(y). Since y is a frequent itemset, we
have supDx

(y − x) = supD(y) ≥ m. So, y − x is a frequent
itemset in Dx. We now prove that y − x is also a closed
frequent itemset in Dx.

Suppose that y − x is not a closed frequent itemset in
Dx. Then there is an itemset z such that y − x ⊂ z and
z ⊆ I − x (i.e. z ⊆ x), and supDx

(y − x) = supDx
(z). We

already have supDx
(y−x) = supD(y). Since z ⊆ x, we have

z∩x = ε. According to Lemma 1 again, we have supDx
(z) =

supD(z ∪ x). Therefore, we have supD(y) = supD(z ∪ x).
We have y−x ⊂ z and want to prove (y−x)∪x ⊂ (z∪x).

First, y − x ⊂ z implies y − x ⊆ z, from which we can have
(y − x) ∪ x ⊆ (z ∪ x). We can prove that (y − x) ∪ x 6=
(z ∪ x). Suppose that (y − x) ∪ x = (z ∪ x). Then we have
((y − x) ∪ x) ∩ x = (z ∪ x) ∩ x. Note that we have both
z ∩x = ε and (y−x)∩ x = ε. According to Proposition 2,
we have both (z ∪ x) ∩ x = z and ((y − x) ∪ x) ∩ x = y − x.
Therefore, we have z = y − x, which contradicts y − x ⊂ z

we had. Thus, (y−x)∪x ⊂ (z∪x) is ture. Note that y ∈ Px.
According to the definition of partition Px in (2), we have
x ⊆ y. According to Lemma 1 again, (y − x) ∪ x = y. In
other words, y ⊂ (z ∪ x) is ture.

Now we found a z∪x such that y ⊂ (z∪x) and supD(y) =
supD(z ∪ x). This means that y is not a closed frequent
itemset. This proves that y − x is a closed frequent itemset
in Dx.

Since x ⊆ y, we have y = (y−x)∪x according to Propo-

sition 1.

Theorem 2. If z is a frequent closed itemset in the con-
ditional database Dx, z ∪ x is also a frequent closed itemset
in database D.

Proof. Similar to the proof of Theorem 1.



procedure pMine(I, k, D, C, m)
in:

I: the total item set with |I| = n

k: size of prefix to partition the search space, 1 ≤ k ≤ n
D:the database
m:the minimum support threshold

in-out:
C: the set of frequent closed itemsets

(1) n := |I|;
(2) I′ := I[k + 1 : n];
(3) X := biSec(k, I[1 : k]);
(4) forall x ∈ X ∧ x 6= ε do parallel on 2k − 1 processors
(5) Dx := condDB(x, D);

(6) CI′

x := closed(Dx, x, I′,m);

(7) Cx := {x ∪ z | z ∈ CI′

x };
(8) C := C ∪ (

�
(x∈X)∧(x6=ε) Cx);

(9) endforall

(10) if (k ≤ |I′|) then

(11) call pMine(I ′, k, D, C, m);
(12) else

(13) do k := k − 1 while k > |I ′|;
(14) if (k > 0)
(15) call pMine(I ′, k, D, C, m);
(16) endif

(17) endif

Figure 4: Parallel Mining of Closed Itemsets

6. PARALLEL MINING OF FREQUENT
CLOSED ITEMSETS

6.1 Partitioning of Frequent Closed Itemsets
According to Theorem 1, every frequent closed itemset y

in partition Px can be obtained by mining the correponding
frequent closed item set y − x first and then union it with
x, i.e. (y − x) ∪ x.

Theorem 2 says that for every frequent closed itemset z

mined from Dx, z ∪x is also a frequent closed itemset in D.
But, z ∪ x may not in partition Px.

In fact, we only need to mine those closed itemsets z from
Dx such that z ⊆ I ′ = I[k+1 : n]. In other words, the search

space should be restricted to 2I[k+1:n] rather than 2(I−x).
Let the set of such closed itemsets from Dx be denoted by

CI′

x . Then, the set of all closed itemsets of database D in
Px, denoted by Cx, is

Cx := {x ∪ z | z ∈ C
I′

x } (4)

And we have

Cx1 ∩ Cx2 = ∅, ∀x1, x2 ∈ 2I[1:k]) ∧ (x1 6= x2) (5)

We can split the task of finding the frequent closed item-
sets in the database D to 2k independent tasks to find Cx

from conditional databases Dx for each x ∈ 2I[1:k]. The set
of all frequent close itemsets in the database D, denoted by
C, can be obtained as follows:

C = �
x∈2I[1:k]

Cx (6)

6.2 Parallel Mining Algorithm
Note that each conditional databases Dx for x 6= ε is

smaller than the original database D and the search space is

reduced from 2I to 2I[k+1:n]. The search time and the mem-
ory requirement to find Cx from Dx will be smaller than
those to find the entire C directly from D. Since each task
of finding Cx from Dx is independent with others, they can
be executed in parallel on parallel processors.

The parallel algorithm to discover the frequent closed item-
sets is shown as procedure pMine(I, k, D, C, m) in Figure 4.
Here, I is the total itemset, D the database, k the size of
prefix of I used to partition the search space, and m the
minimum support threshold. C is the input-output param-
eter for the set of frequent closed itemsets. The main func-
tion of the data mining (not shown) simply calls pMine(I,
k, D, C, m) with an empty C. In Figure 4, the set of
the handles of the partitions, x, are obtained in the lines 1
through 3. Lines 4 through 9 are the parallel forall loop
to mine frequent closed itemsets in each partition Px for
x 6= ε from conditional database Dx using 2k − 1 parallel

processors. Within the parallel loop, Dx, CI′

x and Cx are all
local variables. Line 5 calls function condDB() in Figure 3
to form the local conditional database Dx. Function call
closed(Dx, x, I ′, m) in line 6 is to find the closed itemsets as
subsets of I ′ (including the possible empty set ε) from Dx.
Line 8 is the reduction to collect all closed itemsets mined
by parallel processors and add them to the global variable
C.

For x = ε, the conditional database Dε is the same as
database D. The direct data mining for Cε on Dε will take
longer time than other tasks. To avoid load imbalance, we
do not use another parallel processor to do the job. Instead,
we run the same parallel algorithm recursively with I ′ as the

total item set to find all the closed itemsets in 2I′

if |I ′| ≥ k

(line 11). If |I ′| < k, we reduce k to make |I ′| = k and call
pMine(I ′, k, D, C, m) if k > 0 (line 15). If |I ′| = k = 0,
we do not need to call pMine(I ′, k, D, C, m), because only
possible candidate to be added to C is the empty itemset ε.

function closedIS(Dx , x, I′, m)
inputs:

Dx: Conditional Databases
x: the hand of partition Px

I′: restricted item set
m: the minimum support threshold

return:
the set of closed itemsets as subsets of I ′ from Dx

B := ∅;
C := ∅;
call traditional mining algorithm to find all closed itemsets

with minimum support m in Dx and put them in B;
for each c ∈ B do

if (c ∩ (I − x − I′) = ∅) then

C := C ∪ c;
endif

endfor

return C;

Figure 5: Local Mining

Function closed(Dx, x, I ′, m) is use to find all the closed

itemsets in Dx in the domain 2I′

. Note that the transactions
in Dx may contain items from I −x and we have I −x ⊇ I ′.

Note that the candidate closed itemsets in 2I′

should also
include the empty set ε ∈ 2I′

. The empty set ε is a closed



itemset of Dx if and only if there is no item in I − x which
appears in every transactions of Dx. In any case, we will not
discuss the efficient algorithm to find the closed itemsets in
the restricted domain in this paper. Instead, we use the
traditional closed itemset mining algorithms such as A-close
[11] or CLOSET [13] to find all closed itemsets in the domain
2I−x and then filter through them to find the closed itemsets

in 2I′

. The algorithm is shown in Figure 5.
Let us use an example to illustrate our parallel mining

algorithm. Suppose we have a database

{bcade, bfd, cde, bcae, cde}

and the minimum support is m = 2. We first pre-process the
database to find the frequent items, remove the infrequent
items from the database, and then order the frequent items
in the increasing order of their supports. The result is the
database

D = {abcde, bd, cde, abce, cde}

with the total item set I = abcde. Suppose that k = 2.
Figure 6 illustrates the parallel mining of this example.
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Figure 6: Parallel Data Mining of Example

The first round of parallel mining is carried out by par-
titioning the search space 2abcde into four partitions. The
set of handles of partitions is X = {ab, a, b, ε} and I ′ = cde.
This partitioning is shown in Figure 1. The four conditional
databases, Dab, Da, Db, Dε are shown in Figure 6. The lo-

cal set of closed itemsets, CI′

x and Cx for each x ∈ 2pre(k,I),
mined from the conditional databases Dx are also shown
below them in Figure 6.

In the second round of parallel mining, pMine() is called
with I = cde. The partitioning of the lattice 2cde with k = 2

is shown in Figure 7 (again, the cover relation between the
subsets in different partitions is not shown). The parallel

cde

cd cd de

c d e

PSfrag replacements
Pcd

Pc Pd

Pε

ε

Figure 7: Partition of Lattice 2cde

mining continues with the conditional databases Dcd, Dc,
Dd and Dε, which are also shown in Figure 6.

The third round of parallel mining is similar, but with
I = e and k = 1. The partitioning of the lattice 2e is shown
in Figure 8

e

PSfrag replacements
Pe

Pε

ε

Figure 8: Partition of Lattice 2e

The conditional database De can be found in Figure 6
again. Note that we have I ′ = ε this time and only possible
closed itemset from 2ε is ε.

The set of all closed frequent itemsets mined and collected
from the parallel processors after the three rounds of parallel
mining is

C = {abce, b, bd, cde, ce, d}

7. CONCLUSION
We have presented a parallel algorithm for mining fre-

quent closed itemsets from large databases. By partition-
ing both the search space and the database, we are able to
parallelize the data mining problem into 2k − 1 completely
independent small tasks with good load balance.

We are currently running performance evaluation of our
parallel algorithm. The preliminary data show that a good
sub-linear speedup can be achieved.
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